ON A QUESTION OF LANDIS AND OLEINIK 

TU NGUYEN 

Abstract. Let P = dt + di{a^^dj) be a backward parabolic operator. It is shown that 
r^ \ under certain conditions on {a*-'}, if u satisfies \Pu\ < C{\u\ + |Vu|), |u(a;,i)| < e*^'^' in 

§ ■ R" X [0,T] and |u(a;,0)| < e"^^!^!' for all M > 0, then u vanishes identically in M" x [0,T]. 

(N' 

> 

o 

| 7j ! 1. Introduction 

^ ' Let P be a backward parabolic operator on M", 

P^'. Pu = dtu + d\v{AVu) 

"*^ ■ where A[x,t) = {a^^{x,t))^j^-^ is a real, symmetric matrix such that for some A > 0, 

(1) A lel' < a^'ix, t)Uj < A-' lel' for all ^ G M". 

It was conjectured by Landis and Oleinik [10] that if Pu = b{x, t) ■ Vu + a(x, t)u in R" x [0, T] 

and |'u(a;, 0)1 < e"!""! \\/x e M" then m = in M" x [0,T], provided A, 6 and c satisfy 

appropriate conditions at infinity. 
yP. . Escauriaza, Kenig, Ponce and Vega [2] showed that this is true when P is the backward 

^ ! heat operator (i.e. A{x^t) = Id) and b and c are bounded. They also obtained a similar 

^ I result when the domain is M" x [0,T]. The aim of this paper is to extend these results to 

parabolic operators with variable coefficients. 






. Theorem 1.1. Suppose that {a*-'} satisfy the ellipticity condition p\), and for some e > 

O: \V.a''{x,t)\<{x)-''\ \dta'^{x,t)\<l, 



X 



H ' Assume that u satisfies the inequalities 



a'^{x,t)-d^{x,s)\<{xy^\t~s\^'^ , VxgM"; t,sG[0,T]. 

inequalities 
\Pu\<C{\u\ + \Vu\) mR"x[0,T] 

and 

|M(x,t)| <e^l"l' V(x,t) gR"x [0,r], 

for some C > 0. T/ien 

1. // |m(x, 0)1 < e-^^l^'l' /or a// M > 0, i/zen u = 0. 

2. If u{x, 0) ^ i/ien there exists M > such that if \x\ > M, 

Hy. 0) 1^ dy > e-''\^\' i°sl-l and [ \u{y, 0) f dy > e"^!-!' 



'B{x,l) JB(x,\x\/2) 

We also obtain a similar result where the domain is a half-space. 
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Theorem 1.2. Let R" = {x E M" : Xi > 0}. Suppose that {a^^} satisfy the ellipticity condi- 
tion (Cy, and for some e > 

\V.a'^ix,t)\<{x)-'-\ \dta'^{x,t)\<l, 

\a'^{x,t)-a'^{x,s)\<{xy^\t-s\^^\ Vx G M+; t,sG[0,T]. 

j455Mme that u satisfies the inequalities 

\Pu\<C{\u\ + \Vu\) mM+x[0,T] 
and 



|M(x,t)|<e^N V(x,t)GR'^x[0,T], 



■'' V(x,t)GR+ 
/or some C > 0. Then 

1. // |m(x, 0)1 < e^l^l'-*^^! /or a/l M > 0, then m = 0. 

2. //«(-, 0) ^ then there exists M > smc/i that if R> M, 

Hy,0)fdy>e'^'^''^^'' and [ \u{y,0)f dy > e-''^\ 

B(Rei,l) JB{Rei,R/2) 

The proof in |2] for the heat operator used a Carleman inequality together with a scaling 
argument to show u{x^ 0) has a doubling property which implies that 

HyM"dy>e-^\^\' 

lB{x,\x\/2) 

for some M > 0. This argument breaks down in the variable coefficients case, as it requires 
a uniform bound on ||Va^"'|j^^|| where a'xofii^i'^) — o^-'lxo + Rx,RH) and R > \xo\. 

To prove the first part of Theorem 1.1, we first show that if |m(x,0)| < e"*^'^' for all 
M > then there exists To G [0, T] such that for any M > 0, 

/ " / u\y,t)dydt < e-*^l^l' if |x| > Rm- 

Jo Jb{x,\x\/2) 

Then we show that if m(-,0) ^ 0, for any Tq G [0,T], the following lower bound holds 

f° I u\y,t)dydt>e-'^-\^\" 

Jo Jb(x,\x\/2) 

where C2 = C2{Tq,u) > 0. (a similar bound for the Schrodinger equation was proved in 
[3].) Thus, we must have m(-,0) = 0, which then implies u = in M" x [0,T]. The proof of 
Theorem 1.2 follows the same argument, using anisotropic Carleman inequalities instead, as 
now u decays in the direction of Xi only. 

We would like to mention a unique continuation result of [6l [7]. Let m be a solution of the 
inequality \Pu\ < M{\u\ + |Vm|) in B{0, 1) x [0,T] which vanishes to infinite order at 0, i.e. 
\u{x, 0)1 < Cfc |x|^ for all A; > 0, Vx G 5(0, 1). Then u{-, 0) = in 5(0, 1). We have benefited 
from the Carleman inequalities and ideas contained in these papers, and also from those of 

Details of the proofs of Theorem 1.1 and 1.2 are in section 2 and 3, respectively. The proofs 
of the Carleman inequalities used in section 2 and 3 will be gathered in section 4, together 
with other auxiliary lemmas. 
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2. Proof of theorem 1.1 

We first remark that by considering Pr = dt + div (A^ V) where a'^J{x,t) = a^^{rx,rH) and 
Ur{x,t) = u{rx,rH) for suitably small r > 0, we can assume that the constant C in the 
hypothesis of Theorem 1.1 is as small as we like, say C < A^/100, and that \dta'^^{x,t)\ < C. 
Furthermore, we can take T = 1. 

2.1. Upper bound. In this section we will adapt the arguments of [4] to show that under 
the hypothesis of Theorem 1.1, there exists Tq > such that for any M > 0, if |a;| > Rm > 

(2) Hx,t)\ + \Vu{x,t)\ < e-*^l^l' for all t G [0,To]. 
First, we prove the weaker bound 

(3) \u{x,t)\ + \Vu{x,t)\<e-^'\'\" iiO<t<M-\ 

(Note that the time interval of this weaker bound shrinks as M -^ oo.) Then we combine 
this bound with M = 2 and another Carleman inequality to obtain ([2|). 

2.1.1. First step. We will use the following Carleman inequality of [6]. 

Lemma 2.1. Suppose a*-'(0,0) = 6ij and \a''^{x,t) — a^^{y, s)\ < L i\x — y\ + \s — t\ ' j. 

Then there is a constant N = N{n, A, L) > such that for any a > 2 there is a positive 
function a : (0, ^) -^ M+ satisfying 

iV-i < ^ < 1 
- t ~ 

so that ifve C^{W' x [0, f )) and < a < l/a, then 

f {c?v^ + aoa \^vf)al'^Gadxdt <N f a\-'' \Pvf Gadxdt 

\Vv{x, 0)f Gaix, 0)dx + aN v^{x, 0)Ga{x, 0)dx 

+a"Ar°sup / {v^ + \Vvf)dx 

Here Ga{x, t) = {t + a)-"/2e-|x|V4(t+a) ^^j ^^(^) _ ^^^ ^ ^)_ 

Since the hypothesis of the lemma requires a*-'(0, 0) = 6ij, we first need to make a change 
of variable. Let xq G M" with |xo| ^ 1. Let S = A{xo,Oy^'^, zq = S~^xo, u{x,t) = u{Sx,t) 
and A{x,t) = S-^A{Sx,t)S-\ Then A{zo,0) = Id and 

dtu + div{AVu)\(x^t) = dtu + <\iY{AS/u)\(sx,t)- 

Let ur be a rescale of u centered at Zq, uji{x, t) = u{zq + i?x, R^t) where R= \\xq\ /4. Then 
ur satisfies 

\Prur\<R^\^r\ + R\^^r\ 

where Pr = dt + div(y4/jV), and Ar{x, t) = A{zo + Rx, RH). 



+cr(a 



a 

'n 
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From the hypothesis of Theorem 1.1 and our choice of R, it is easy to see that 

in B{0, 2) X [0, l/R"^). Furthermore, Ar{0, 0) = A{zo, 0) = Id. Thus, we can apply LemmaO 
to Pr and v = URip{x)(p(t), where X[o,i/a] <^< X[o,2/a) and Xb{o,i) < i' < Xb{o,2) are bump 
functions, a > 2R^ is a positive constant to be chosen. Let E = B{0, 2) x [0, 2/a)\_B(0, 1) x 
[0, 1/a] then 

\Prv\ < R^ \v\ + R \Vv\ + a{\uR\ + \Vur\)xe. 
Hence, by Lemma EH], 

f {o?v^ + aoa \Vvf)a-''GJxdt < N f a^°(i?^ \v\ + R \Vv\fGadxdt + 

N I al'^'a^iluRl + \VuR\fGadxdt + 
Je 

a"A^"sup / {v^+\Vvf)dx + 

t>0 jRn 

aNa{ay / v'^{x,0)Gadx. 



If a > 2NR^ then the first term on the right hand side can be absorbed by the left hand 
side. Also, aa{t)~"Ga{x,t) < N°-a"^^ in E^ and \ur\ + \Vur\ < e*-^^ by hypothesis on u 
and Lemma [4.11 in the Appendix. Thus, we obtain 

f {a^v^ + aaa\Vv\^)a-''Gadxdt < N'^a'^^^e^^^' + aNaiay^ f v\x,0)Gadx. 
Let p = -^, and a = ^- Then 



and 
Hence, 



aa(t)-"+^G,(x, t) > «"+t-iiv2°+"-2 in B{0, 2p) x [0, ^] 

2a 

(T(a)-"Ga(x,0) < Ar"a-"-5 = (2ae2)"+tAr3"+" for all x. 

iB{0,2p)x[0,fi] 



-8(0,2) 



or 



(v' 



+ \Vvf)dxdt < Ar2-"-e'^^' + «(2e)'"+"Ar"+3 /" t;2(a;, 0)dx. 

J 3(0.2) 



'B(0,2p)x[0,f^] JB(0,2) 

We now choose a = MR^ then the first term in the right hand side is bounded by e~*^^ . 
The second term is also bounded by e~*^^ by the decay hypothesis on m(-, 0). Thus, for any 

M>2iV, 

/ {v^ + \S/v\^)dxdt<e~''''^\ 

iB(0,2p)x[0,5^] 
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By Lemma [4. 11 this implies 

Undoing the change of variable, we get 



\u 



(xo,t)| + |VM(xo,t)|<e-*^^' ifO<t< 



— / v'^Gdxdt^ / \Vv\'^Gdxdt< I \Pv\^ Gdxdt 



AM 
This proves (l3|). 

2.1.2. Second step. 

Lemma 2.2. Let e be the constant in the hypothesis of Theorem 1.1. Let 

G{x, t) = exp [c{T — t) \x\ + \x\ ) 

where < c < R'^+'/^. Then for any v G C^{{R < \x\ < R^+'^^j x [0,T]), the following 
inequality holds 

4 J]^n + l 4 

+A"^ f \\/v{x,T)f G{x,T)dx + R^+'/^ f v\x,0)G{x,0)dx, 

provided -R > 1. 

This Carleman inequality is an extension of a Carleman inequality in [4] to the case of 
variable coefficients. As {a*-'} are no longer constants, it is necessary to put a restriction on 
the support of v (compared with [4J.) We will prove this inequality in the Appendix. We 
now deduce ([2]) from ([3]) and Lemma [2^21 

Proposition 2.3. Suppose that u is as in the hypothesis of Theorem 1.1, and |m(x,0)| < 

g-Aflx|2 j^^ allM >0. LetT = p^/SN, where p and N are as above. Then for all M > 0, 

|M(x,t)| + |VM(x,t)| <e-*'l"l' 
for all te [0,T/4]. 
Proof Fix M > 0. Let 

where 

e{x) 

Since 

Pv = ePu + 2 (AVm, V^) + uAe, 
it follows that 

\Pv\ < Ce{\u\ + \Vu\)+2\-^\Vu\\Ve\ + \uM\ 

< c {\v\ + 1 Vf I) + \u\ {c \ve\ + |A^|) + 2X-^ \vu\ \ve\ 

< C{\v\ + \Vv\) + C'{\u\ + \Vu\)xe 
where E = {{R - I < \x\ < R} U {MR < \x\ < MR + 1}) x [0, T], G' < 4:\-\ 



v{x,t) = u{x,t)9{x) 

if |a;| < i? - 1 or |a;| > MR + 1 

1 iiR<\x\<MR 
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Choose c = MR/T. Then for large R, c < R^+''^ and suppt; C {i? < |x| < R^+''^] . Thus, 
we can apply the previous lemma to v to obtain 

f f {v^ + \\/vf)Gdxdt < f \Vv{x,T)fG{x,T)dx + R^~^'^^ f v^{x,0)G{x,0)dx 

Jo Jr'^ Jm."^ Jr" 

+ I {\u? + iV^n Gdxdt. 
Je 

In the previous subsection, we have shown that 

\u{x,t)\ + \Vu{x,t)\ < e-2^l^l' for all t G [0,T]. 
Hence, as G{x, T) = e'^' , we have 

f \Vv{x,T)fGdx<l. 

Jr" 

Since \u{x, 0)| < e"^^^'"^' and G{x, 0) < e'^^^+^^'^l if \x\ > Rhy our choice of c, it follows that 

^2+./4 f y^(^x^Q)Gdx<l. 

In {MR < \x\ < MR+l}, G(x,t) < e^l^l", hence, 

/ / {\uf + \\/uf) Gdxdt <R''-\ 

Jo J MR<\x\<MR+l 



'0 J MR<\x\<MR+l 

In {i? - 1< |x| < i?}, G(x,t) < e^M+i)R^^ ^^ 



Jo J R-l<\x\<R. 

Thus, 

[ [ {v^ + \Vvf)Gdxdt < e^''+^^''\ 

Jo JR" 

As G{x,t) > e^*^«' in {6R < \x\ < 7R} x [0,T/2], this implies 

/.T/2 /. 
JO JqR<\x\<7R 

provided R > Rm- This and Lemma [4T] prove the proposition. D 

2.2. Lower Bound. In this subsection, assuming m(-, 0) ^ 0, we will show that the following 
lower bound holds for any T < 1, 

(4) / I u\x,Q)dx>e-^^^' 

Jo Jr<\x\<2R 

To prove this, we first adapt arguments of [1] and [^ to show that there exists s > 0, such 
that for small t, we have 

(5) f u\x,t)dx>e~^\ 

Jr<\x\<2R 

Then we use this bound together with a bootstrap argument to obtain ([4]). 
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2.2.1. First step. Since u{-,0) ^ 0, we can suppose that, 



'B{eupX/4:) 

Here p is a positive constant to be chosen. By using Lemma 14.21 and multiplying m by a 
constant if necessary, we can assume that 



(6) 



u^{x,t)dx > L 



B(ei,p\/2) 



if t is small enough. Here L is a large constant to be chosen. 

We will use the doubling property of m(-, 0) proved by Escauriaza, Fernandez and Vessella. 
We present their arguments here in the form that we need. Let Xq = \xq\ ei, and v be as in 
section 2.1. As before, if a > 2NR^ the following inequality holds 



|2\ - 



a^.oL+yj^cR^ 



n + l 



a^v^ + aaa \Vvy)a-''Gadxdt < N'^a'^+^e 



— I \Vv{x, 



(7) a(a)-" 

Let p = ;^ and < a < p^/2a. Then 



a 



2 / dt 



Gadx + aN / v'^{x,0)Gadx 



(t + a)-"-te-^'/(*+")t;2(a;,t)rfa; 



> Npa 



JB{0,2p) 

a+p'^/a 



" -^'/^ds 



f^(x, 0)dx 



B{0,p) 



> Npa"- I s 



pV" 



■^e-'^'/^ds 



v'^{x, 0)dx 



B{0,p) 



> 



Nna'^+^+'N' 



v'^{x, 0)dx. 



B{0,p) 



(we have used Lemma [42] in the second inequality. Np is the constant appears in that lemma.) 
Here, a has to satisfy 



P /a < N7' min <^ R-\ 1/ loj 



^p Jb{o,i)x[o,r-'^]'^ {^yt)dxdt 



As |f (x, t)| < e'^^ , we can take 



a = p^Np 2R^ + log 



N. 



/b(o,p)^^(^'0)^^. 



For this value of a, 



iVpa^+t+^AT^a 



v\x,Q)dx > A^"a"+2e 



a^,"+7^C'« 



B(0,p) 
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This together with (I7|) and (JHl) show that 

\Vv{x, 0)1^ Gaix, 0)dx + aN I v\x, 0)Gaix, 0)dx > 



or, 

2a \\/v{x,0)\^Gaix,0)dx + ^ I v\x,0)Gaix,0)dx < AaN'^ I v\x,0)Gaix,0)dx 

for all a < p^ /2a. 

By Lemma [4731 this implies that 

'B{0,2r) J B{Q,r) 

for all < r < 1/2. It follows that there exists positive constant Ci and C2 such that if 

r < p/2, 

l+Ci log f 



(9) / t;lx,0) <e^'2«'^°s^ / v\x,Q). 

\Jb{0,p) J JB{0,r) 

Taking r = pA^/2, we see that there are constants J and K so that 

'B(0,p) / Jb(0,pA2/2) 

This implies, after undoing the changes of variable, 

K 
,2/^ n^ ^ ^ \-K^JK'' I „,2i 



(10) / u'(a;,0) <A-^e^^ / m'(x,0). 

We now use a chain-of-balls argument similar to that of [8]. Let Xk+i = (1 — ^)xk for 

A; = 0, 1,2, .... Then by dH), 



\ if 

0) < A-^e-^l^^l' /" 



u\x,0)] < A-^e-'I'^IW M='(x,0) A; = 0,1, 



Let m = [log |a;o| /log g^^] then |a;m| ~ 1, hence 

u^ix, 0) > A^e"-'!"™!' f / ^'(x, 0)) > 1. 

Bixrr^pX'-'lxml/S) \J B{ei ,pX'2 /8) J 

we have used (I6l) in the last inequality.) It follows that 

M^(a;,0) > A A'-i e — ^^^l^ol , 

'S(a:o,pA2|a'o|/8) 

which, by the choice of m, implies 



/ M2(x,0)>e-'^=l^«l° 

is(a;n,pA|xnl/2) 



'S(a;o,pA|xo|/2) 

for some positive constants s and C^. The same inequality holds for u{-,t) if t is small so 
that (H holds. 
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2.2.2. Second step. We now use ([5]) and another Carleman inequality to prove ([4]). Let 
ip G C^(0,T) be a positive bump function satisfying 



ifte[o,|]u[f,T] 

4 tG[?,^l 



-4' 4 



Let (5 G (1, 1 + e/2), where e is the constant in the hypothesis of Theorem 1.1. Let 

Sj^^T ■■= {{x,t) ■ R^'^ < \x\ <R,T/8<t< 7T/8} . 

Lemma 2.4. Let G{x,t) = e'^^^'*) where ip{x,t) = EiR{T - t) \x\ + ^2 |x - Rip{t)ei\^ . Here 
El > T^'^,E2 > 1 are constants that may depend on R, hut E1/E2 > 100/T is a fixed 
constant. Then if R > Rq = Rq{Ei/ E2, T, X), 

ElR^ f v^Gdxdt + E2 I \Vvf Gdxdt < [ \Pvf Gdxdt, 

Jki+^ Jk^+^ Jr1+'^ 

for any v G C^{Sr^t)- The implicit constant depends only on T and X. 



We give a proof of this lemma in the Appendix. Note that in contrast to Lemma [221 here 
the main term in ip is EiR(T — t) \x\, as Ei 3> E2. The use of the shift x — Ripit)ei originates 
in a Carleman inequality for Schrodinger equations proved in [3] (see their Lemma 3.1) 

The next proposition, a corollary of this lemma, is the basis of our bootstrap argument. 

Proposition 2.5. Let u he as in Theorem 1.1. Suppose that for some s > 2, there exist 
Cs > such that 

/.3T/4 p 

/ / {u^ + \Vuf)dxdt > exp{-CsR') 

JT/i Jr<\x\<2R 

for all R> Cg. Let Si = max {2, ^ + l}; where 1 < 5 < 1 + |. Then there is Gg^ > such 
that 

/ (u^ + \Vuf)dxdt > exp{-Gs,R'') 

'0 Jr-1<\x\<R 

for all R > Gsi . 

Proof Let v{x,t) = u{x,t)9{x,t) where 9{x,t) = 9i{x)92{x — R4'(t)ei), with ip defined as 
above, and 

, , , f if bl < i?^/^ or \x\ > cR 
9i(x) = < , ,, 

^ ^ [1 HR^/^ + 1 <\x\<cR-l 

, , , f if Ixl < 2i? 
^ ^ [ 1 if |x| > 3R, 

with c = 2^^^. Clearly, supp(f ) C Sr^t- 
We have 

\Pv\ < G{\v\ + \Vv\) + \u\{G\V9\ + \dt9\ + \A9\) + 2X-^\Vu\\V9\ 

< G{\v\ + \Vv\) + G'{\u\ + \Vu\)xE 

where E = suppV6' and G' < X'^/T. 
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Applying the previous Carleman inequality to f , we get 

f [ {v^ + \Vvf)Gdxdt < f {\uf + \\/uf) Gdxdt. 
Jo JM" Je 

Since 

inf {G{x,t)} > exp (4EiTR^+i + E2 UR - 32R^/^f) , 

IQR^'^ < \x\ < 32i?i/^ ^ ^ 

T/4 < t < 3T/4 

if El > 2 ■ 16"C,i?^-i and E1/E2 = 256/T then 

f [ i\vf + \Vvf)Gdxdt > e^^UE{TR^+-s +E2{m-32R^'^f -WGsR''^) 
Jo Jr" ^ ^ 

> exp (sEiTR^^^ + 16^2^^) =: S 

The set E is contained in the union of {R^/^ < \x\ < R^/^ + 1}, {2R < \x - Ri){t)ei\ < 
3R} n {|x| < cR} and {cR - 1 < \x\ < cR}. In {R^^^ < \x\ < R^l^ + 1}, 

G{x, t) < exp (2EiTR^+^ + E2 {AR + 2R^^^Y) 
and \u\ + \Vu\ < e*""^ , hence 

/ f {\uf + \Vuf) Gdxdt < 

Jo iRi/<5<|x|<2Ri/<s 

exp (2EiTR^+^ + 16^2^?^ + 20^2/?^+^ + CR'^^^) < S/4. 
In {2R <\x- i?^(t)ei| < 3R} n {|a;| < cR}, 

G{x,t) < exp [c^EiTR^ + 9^2/?^) < exp(10E2i?^) 
hence 

f f {\uf + |Vm|^) Gdxdt < S/4. 

Jo J2/?<|x-/;V(t)ei|<3-R,|x|<c_R 

Thus, we conclude that 



S/4< /" /" (|m|V |Vm|^) Grfxrft. 



'0 JcR-l<\x\<cR 

Since in {ci? — 1 < |a;| < cR}, G < exp (25-^2 -R^), we obtain 

/ / {\uf + \Vuf)dxdt > exp{-9E2R^). 

Jo JcR~l<\x\<cR 

Recall that we need Ei > 2 ■ 16''^GsR~ ^ and Ei > T~^. With the minimum choice 
El ~ max{l, R~ ^}, we obtain 

f f {\uf + \Vuf)dxdt>exp{-G,^R''). 

Jo JcR~l<\x\<cR 

for large R. The proposition follows from this. D 
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Proposition 2.6. Supposeu satisfies the assumption of Theorem 1.1. Ifu{-,0) ^ then for 
any T < 1, there exist C2 = C*2(T, u) > such that 



f f {u^+\Vuf)dxdt>exp{-C2R'^ 

Jo Jr-1<\x\<R 



10 JR-l<\x\<B. 

for allR>C2. 

Proof. This is a consequence of repeatedly applying the previous proposition. Let sq = s 
where s is the exponent appeared in (l5|), and 

Sk+i = 2+(^^^-l\ , k = l,2,3,... 

It is simple to check that there is ko such that Sk = 2 for all k > ko. Clearly, we can assume 

that on [0,T], 1^ holds. Let a^ = T {^ - 2''-'"^-^) and bk = T (i + 2^-'^°-^). Since 



/ / \u{x,t)fdxdt>e~^° 

Jan J R<\x\<2R 



lag JR<\x\<2R 

the previous proposition (applied to the time interval [ai,6i]) shows that 

/ / {u^ + \Vuf)dxdt > exp{-Cs,R'') iiR> d 

Jai Jr-1<\x\<R 

for some positive C^^. Induction then shows that for any k, there is C^^ > such that 

{u' + \Vu\')dxdt > expi-Cs.R"') iiR> Cs,. 



'a^ jR-l<\x\<R 

In particular when k = k^ we obtain 



/ [ {u^ + \Vuf)dxdt > e-^'"^'. 

Jo Jr-1<\x\<R 



D 



2.3. Proof of Theorem 1.1. 



Proof 1. Suppose otherwise u ^ 0. We can assume without loss of generality that m(-, 0) ^ 0. 
(if not, we can translate to a time < s < 1 such that u{-,s) ^ 0. The bounds |m(x, s)| < 
g-M|a| £qj, ^jj j^^ follows from (I2|)). But then we are in position to apply Proposition 12.61 
and obtain a lower bound that contradicts the upper bound of Proposition 12.31 Thus, we 
must have u = 0. 

2. Let T = p^/8N. Inspecting the proof of Proposition 12.31 we see that to obtain the 
upper bound 

\u{x,t)\ + \Vu{x,t)\ < e-''\^\" in {Bjr\B,r) x [0,r/4], 

for some M > 2N, it suffices to have 

M'(2/,0)<e-2*^l^'l' 

B{x,l) 
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for all X G B2mr\Br/2- Hence, in order to avoid contradiction with the lower bound ([4]), we 
must have 



sup / u'^{y,0) > e~ 

2Mr\Be/2 J B(x,1) 



1 
xeB2MR\Bji/2 Jb(x,1) 



if M > 2max{A^, C2} (here C2 is the constant appears in Proposition 12.61) . This and (ITOl) 
together with a chain-of-balls argument shows that 



inf / u\y,Q)>e-^'^''\ 

x&Bmr\Br Jb{x,pXR) 

for some Mi > 0. Combining this with the doubling inequality ([9]), we obtain 



inf / M2(y,0)>e-^^^^'i°s^. 

3mr\Br Jb(x,1) 



x&Bmr\Br Jb{x,1) 

These estimates prove the second part of the theorem. D 

Remark 2.7. As the cutoff functions used in the proof of Theorem 1.1 are radial, the same 
results and proofs apply to solutions of \Pu\ < \u\ + |Vm| in (W^\Bji) x [0, 1]. 

3. Proof of theorem 1.2 

The proof of Theorem 1.2 is very similar to that of Theorem 1.1, using anisotropic Carleman 
inequalities. We use the notation x = {xi,x'). 

3.1. Upper bound. For the first step, the same argument as in section 2.1.1 shows that for 
all M > 



;il) \u{x,t)\ + \Vu{x,t)\ < e^l^l'-*^^? for all x eWl 



+ ' 



if < t < M~^(here C is the constant in the statement of Theorem 1.2. Now we can only 
rescale with i? ~ xi, resulting in the weaker bound.) 

For the second step, we will need the next lemma, which is inspired by a Carleman in- 
equality in [5]. To ease notations, we will assume that a^ = for j 7^ 1 where a^ = 
lima-^oo ct*"'(a;, t). Otherwise, we will need to replace ip below by 

ip{x, t) = ip{xi, Ex , t) 

where -B is a positively definite, symmetric (n — 1) x (n — l)-matrix, satisfying Xliyi B^'''^]L = 
for alH = 2, 3, . . . , n. The reader can check that the conclusion of the lemma holds with such 
a modification of (p. (we only use a^ = to control the term /4 in the proof.) 

Lemma 3.1. Let e he the constant in the hypothesis of Theorem 1.2. Let G{x,t) = e"^*^^''*^ 
where 

, , A|xf c(S"-s") 
V'l^' ^) = ^ + -^ a;i + hs. 
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Here < c < R^'^'^'^, a and b < a/4 are large fixed constants, s is the translated time variable 
s = t+l, andS = T + l. Then for large R, for any v eC^i{R<Xi< R^+'/^} x [0, T]), 

^ ^ ^ {cRv^ + b\Vvf)Gdxdt< [ [ \Pvf Gdxdt + [ \\Vv{x,T)f Gdx 
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+ f {\x'\'^ + R^+'y{x,0)G{x,0)dx+ [ {\x'\^ + R^+'y{x,T)G{x,T)dx 

We give a proof of this lemma in the Appendix. 
Proposition 3.2. Suppose that 

(12) \u{x,t)\ + \Vu{x,t)\ < e^N'-2"-? V(x,t) eRlx [0,T], 

Let d = — ^2f — > where a is as in the previous lemma. Then for any M > we have 



l'T/2 p 

/ / (|m|' + \Vuf) dxdt < e-^^«' 

Jo J dR<x^<2dR.\x'\<R 



Proof. Let 
and 



u(x, t) = u{x,t)9{x) where 9{x) = 6*1 (x) 6*2 (x), 

^ , , f if a;i < /? - 1 or xi > MR + 1 
^ ^ [ 1 iiR<xi<MR 

J 1 if \x'\ < r 
^ ' I if \x'\ >r + l 
We will now apply the previous lemma with c = MR, to the function v and get 

/ [ {v^ + \Vvf)Gdxdt< f {\uf + \Vuf)Gdxdt+ f \\Vv{x,T)f Gdx 
Jo Jr']^ J e Jwi 

+ f (|xf + i?2+^)t;2(x,0)G(x,0)t/x+ / (|xf + i?2+^)t;2(x,T)G(x,T)rfa; 

Jwi Jw^ 

where E = suppV^ x [0,T]. 

Using (IT2l ) and the decay of m(-, 0), we can check easily that the last three integrals in the 
right hand side are bounded by 7?^+% and 

/ (|m| + |Vm| ) Gdxdt —> as r -^ oo. 

J {r<\x'\<r+l,R<xi<MR}x[0,T] 

In MR <xi< MR+1, G{x,t) < e — —+^"^l+^\ Hence, because of the bound ^ 



'0 JMR<xi<MR+1 

Furthermore, 



f f {\u\^ + |Vm|^) Gdxdt < 1. 

Jo JmR<xi<MR+1 

r [ {\uf+\Vuf) Gdxdt <e'''''^\ 

Jo Jr-1<xi<R 
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Thus, we conclude that 



r f {\vf+\Vvf)Gdxdt < e2"^«^ 
Jo Jri 



As in {x:dR<xi< 2dR, \x'\ <R},u = v and G{x,t) > e^^"+^^^^'^\ it follows that 

pT/2 /. 

/ / {\u\'' + \Vuf)dxdt<e-"^\ 

Jo JdR<xi<2dR,\x'\<R 

D 

Remark. Using the inequality (ITOl) and a chain-of-balls argument, we can actually take d to 
be any positive number. 

3.2. Lower bound. Assuming m(-,0) ^ 0, the same argument as in section 2.2 gives the 
lower bound 



Jbi 



\U[X 



t)Ydxdt>e~^^ Vte [0,T], Vi?> 1 



'S(Rei,pAiJ) 

for some T < 1. 

For the second step, we will need another Carleman inequality. Let 5 E (1,1 + e/2) where 
e is the constant in the hypothesis of Theorem 1.2, and 

Sr^t ■■= {{x,t) e R" : R^'^ <Xi<R,T/8<t< 7T/8} . 
Lemma 3.3. Let G{x,t) = e'^^'^-*) where 

ip{x,t) = -^^ + E^R ^^^^J'^K , + E^ (xi - RiPit))^ + hE^t 

where a and h are suitable fixed positive constants, Ei, E2 > 1 are large constants that may 
depend on R, but E1/E2 is a large fixed constant independent of R. Then for large R, 

v^Gdxdt+ I \Vv\'^Gdxdt< / \Pv\^ Gdxdt, 



n+i J'UJ^'^^ ./ra>"+i 



for any v G G^{Sji^T)- Here and ip is as in section 2.2. 

We will omit the proof of this lemma as it is almost the same as that of Lemma 4.1, except 
for the important fact that EiR- — -j^ — -xi is now the dominating term. (This is similar to the 
relationship between Lemma [2.21 and Lemma [2. 4p 



Proposition 3.4. Let u and P be as in Theorem 1.2. Suppose that for some s > 2, there 
are constants Rs,Gs> such that 



/ / /? < xi < 2i? (''' + I VM|')t/xrft > exp(-C,i?^ 

'^'^ \x'\ < GM'''^ 



for all R > Rg. Let Si = max {2, ^ + 1} for some 1 < 5 < 1 + |. Then there is Rsj^,Gsi 
such that 
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j J R<x,<2R iu^ + \'^uf)dxdt>expi-Cs,R'') 
\x'\ < Cs,R'^'^ 
for all R > -Rsi • 

Proof. Let 

v{x,t) = u{x,t)9{x,t) where 9{x,t) = 9i{x)92{xi — Rilj{t))9^{x'), 
where ip is defined as before, and 

„ , , I if xi < R^/^ or xi > cR 
^ ^ [1 HR^/^ + l <Xi<cR-l 

^ , , f -dr<2R 
^ ' \l ifr>3i?, 

Jo if \x'\ > C,,i?^i/2 + 1 
'^''^"1 1 if |x'| < Qi?^^/2, 

where c and C^^ are positive constants to be choosen. It is clear that supp(f) C Sr^t- 
Applying the previous Carleman inequality to f , as before we get 



(v' 



n + l 



\Vvf)Gdxdt< f {\uf + \Vuf)Gdxdt, 

JE 



where E = suppV^. 

4 ' 4 J' 



Because in the set {x : WR^/^ < a;i < 2 ■ W^R^/^ \x'\ < Cs{WR^/^y/^} x [T ^^i 



G{x, t) > exp (-D'^R''^ + 10°Eii?i+5 + ^2 (4i? - 2 ■ IQ'^R^'^f^ 



we have, 



I {\v\^ + \Vv\^)Gdxdt > exp f 10"Eii?i+7 + ^2 (4i? - 2 ■ 10"i?^/^)^ - C,i?'/^ - D'^R'/^) 

> exp (9'^EiR^+^ + 16^2 i?^) =: S 



if El/ R s 1 and E1/E2 are large enough. 
In {i?i/^ <a:i < /^^/^ + 1}, 



A I 'P 
G(x,t) < exp I ^ + 8"EiR^+'s + 16^2^^ 



so using the bound ( fT2l l we get 

/" /" (|m|^ + |Vm|^) Gdxdt < exp f8°^ii?^+? + 16^2^?^) < S. 
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In {2R < \xi - Ripit)\ < 3R} n {xi < cR}, 



A I 'P 

G{x, t) < exp ( ^ + c8"EiR^ + 9E2R^ 

8 



Hence, if c is chosen to be small enough, 



/ / {\uf + \Vuf) Gdxdt < exp (lOEsi?^) < S. 

Jo J2R<\xi-Rip{t)\<3R,xi<cR 
In {C,,i?^l/2 < |^/| < C',^i?'^i/2 ^ x|^ 

G{x,t) < exp{-XClR''/8 + cS^'EiR^ + 1QE2R^) 
Note that by our choice of Ei and E2, EiR^ ~ E2R^ ~ R'^\ so if we choose Cg-^ big enough, 

/" /" {\uf + \\/uf) Gdxdt < 1. 

Jo J xi<cR,Csj^R'^^^<\x'\<Csj^R''i^^+l 

Thus, we conclude that 



S< / / {\uf + \Vu\^) Gdxdt. 

Jo J cR<xi<cR+l,\x'\<Csj^R''^^^ 



Since in {cR <xi<cR + l, \x'\ < Cs^R'^'^], G < exp{KR''), we obtain 
£ JcR < X, < ci? + 1 d^l' + iVn^rfxrft > eM-KR'K 



\x'\ <G,M''''^ 



The proposition follows immediately from this. D 

Proposition 3.5. Let u and P be as in Theorem 1.2. Ifu{-, 0) ^ then then for any T < 1, 
there exist G2 = C2(T, u) > such that 

/ R < xi < 2R ^'^^ ~^ \Vuf)dxdt > exp{-C2R'^) 
\x'\ < C2R 
for aUR>G2. 

Proof The proof is similar to that of Proposition [221 using Proposition 13.41 instead of Propo- 
sition [221 We omit the details. D 

Using Proposition 13.21 (see also the remark after it) and Proposition 13.51 the proof of 
Theorem 1.2 is identical to that of Theorem 1.1. We omit the details. 

4. APPENDIX 

4.1. Some auxiliary lemmas. The first lemma is a standard estimate for solutions of 
parabolic inequalities, we refer to [9]. 
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Lemma 4.1. Suppose that in Q* := 5(0,2) x [0,2R~^] , the following inequality holds 

\Pv\ <R^\v\+R\Vv\. 
Then 

where VL = B{Q,1) x [0, R~'^] and c is a constant depending only on n. 

The next two lemmas are from pLj (see also |2J). 
Lemma 4.2. For p G (0, 1/2), there is constant Np > such that if 

\Pv\ <R^\v\+R\Vv\ 
m n* ■= 5(0,2) X [0,2i?-2] then 



^2g-|xp/4a^^ 



v-^ix, 0)dx <Np I v\x, t)dx 

'B{0,p) Jb{0,2p) 

for all 

f o , fNp L,v^(x,0)dxdt\ 

Lemma 4.3. Suppose v G C^(R") such that for some C > 1, 

2a f \Vv\^e-\^\"'^''dx + - f v^e-\-\"'^'^dx < C j 
for alio < a< 1/(12C). Then 

/ v^dx < e^^^ / v^dx 

JB{0,2r) J B{0,r) 

for allO<r < 1/2. 

4.2. Proof of the Carleman inequalities. In this section we will prove the Carleman 
inequalities that were used in the proofs of Theorems 1.1 and 1.2. We will use the following 
notations 

Av = div(AVw) 

\\Vv{x,t)\\ = {A{x,t)Vv{x,t),Vv{x,t))'^^^ . 

We recall the following lemma of [6j (see also [7], [I]). 

Lemma 4.4. Suppose a(t) : IR+ -^ M+ is a smooth function, a is a real number, F and G are 
differentihle functions, G positive. Then the following identity holds for v G G'^iW' x [0,T]) 

2 / ^nj'Gdxdt + - [ ^v^MGdxdt -- [ a^'^v' ( ^'^~^^ - f\ Gdxdt 

J^n+l a' 2 J^n+l a' 2 J^n + l \ G J 

r a'^^°' \/ rr\' d G — AG 1 /" rr^^" 

+ (log-) +^ F \\\/vfGdxdt + 2 {DgVv.Vv) Gdxdt 

Jjjn+i a' \\ a'/ G J JiRn+i a' 

r 1 — ol r 1— CK r 1 — a 

- v{AVv,VF)Gdxdt = 2 ^-^wPvGdxdt+ ^-^\\VvfGdx- 
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pi— a 1 r _-l— a 



_ /■ ^ II v,f Gdx + \f ^v\F - —)Gdx- 

2 jR"x|o| or' a 



where 



and 



'x{0} 

i^l' Oi(j' 

w = dtv- {AV log G, Vt;) + — - - --w, 
M=(log^)V + g,F + F(' ^*^~^^ -F') -(AVlogG',VF), 



We will first derive a corollary of this lemma which will be used to prove all of our Carleman 
inequalities. Letting a = and a{t) = e* in Lemma [44l we obtain the following identity for 

veC^(R''x [0,T]), 

2 / w^Gdxdt + - / v^MGdxdt - v {AVv, VF) Gdxdt 

JrI+^ 2 Jr^+i Jr^+1 

+ / W^vf f ^*^~^^ - F ) Grfxfit + 2 / (DgVt;, Vv) Gdxdt 
(13) =2/ wPvGdxdt+ f \\Vv{x,T)fGdx- f \\Vv{x,0)f Gdx 

+- f v^ix,T)FGdx-- f v^{x,0)FGdx. 

2 JR^I 2 J^n 



where 



' 3 G — AG 

M = dtF + F( ^—- F] -(AVF,VlogG). 



Note that if VF is differentiable, we can integrate by parts to obtain 

- f V {AVv, VF) Gdxdt = - [ v^AFGdxdt + - [ v^ {AVF, V log G) Gdxdt. 

jR^+l 2 Jk^+1 2 Jr^+1 

Then this term can be combined with the second term of the left hand side. However, in our 
applications, VF might not be differentiable, so we approximate F by some C^ function Fq 
and use the above identity with Fq in place of F. Then, using Cauchy-Schwarz, we arrive at 
the following lemma. 

Lemma 4.5. Suppose v G C^(M" x [0,T]), then 



- / v'^MoGdxdt-. 



2{DaVv,Vv) + \\Vvf{ ^'^-^^ -F 



Gdxdt 



[ v{A\/v,V{F-Fo)) Gdxdt < [ \Pvf Gdxdt + [ \\Vv{x,T)f Gdx 



ar^j^ , 1 f „,2/ ^M7^^™ 1 / „,2/ 



(14) -/ \\Vv{x,0)fGdx + - v\x,T)FGdx-- I v\x,0)FGdx. 

2 ./mn 2 



where 



and 



Mo = dtF + F 
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G 



F +AFo-(AV(F-Fo),VlogG) 






We will now prove our Carleman inequalities using Lemma [4751 

Proof of lemma 2.2. As suppf C {R < \x\ < i?^+^/®} x [0,T], we will assume that -R < |a:;| < 
/^i+<:/8 in all the computation below. 

Since VV > Id, |VlogG| < i^^+^Z®, and |Va^^(x,t)| < R-^-% it follows that Dq > fid 
for large R. To make the gradient term (i.e. the second term in (IT4ll ) positive, we will choose 
F satisfying 

dtG - AG 



(15) 
so that 



G 



< A72, 



2 {DaVv, Vv) + II V.f ('^^£_^ ' ^) ^ Y "^""' ' 



Let (p{x, t) = c(T — t) |a;| + |a;| , then 
dtG - AG 



G 



dt(p — Aif — a'^^diipdjif 



-c \x\ — XjdiO^^^x, t) [c(T — t) \x\ + 2) — a*''(x, t)xiXj (^c(T — t) \x 



-1 



2)^ 



-a'\x, t) [5ij {c{T - t) \x\'^ + 2) - c{T - t) 
As the second term is of order 0{R~'^^^^), if we let 



^Xj lA-J 



A 2 

+ a''^{x,t)XiXj [ciT - t) Ixp^ + 2) 



F{x,t) = —c\x 

-a'^{x,t) [6ij {c{T - t) \xf^ + 2) - c{T - t) 
then (ITSl) is satisfied. Moreover 






'\- 



-■ -■ ' 2 - G 



r>u r\j 



F<-^. 

- 4 



We have 

dtF{x,t) = -dta'^{x,t)x^Xj {c{T -t)\x\~'^ + 2)^ + 2ca'^{x,t)xiXj\x\~^ {c{T - t) \x\~^ + 2) 

-dt {a'\x,t) [5ij {c{T - t) \x\'^ + 2) - c{T - t)xiXj \xf^] } . 

The second term on the right hand side is positive by ellipticity of {a*-'}. Noting that the 
last terms of F and dtF are 0{R''^^), we get 



dtF + F 



dtG - AG 
G 



> 



dtG - AG 
G 



- f] a'^{x,t)xiXj {c{T -t) |xr^ + 2)' 



-dta'''{x,t)a'^{x,t)xiXj {c{T -t) \x\-^ + 2f + 0{R'l^) 
> R\ 
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(note that \dta'^{x,t)\ <C < AVlOO.) 
For the approximation Fq of F, we choose 

Fo{x,t) = -c\x\ + — -a'^{X,t)xiXj{c{T-t)\xf^ + 2) 

-a'^{X,t) [5ij {c{T - t) |sp^ + 2) - c{T - t)xiXj \x\~^] , 

where X = (2i?, 0, . . . , 0). 

As 

\a'^{x,t)-a'^{X,t)\ = 0{R-^''^), |Va*^(x,t)| = 0{R-^-') 

and 

XiXj {c{T - t) \x\'^ + 2)^ = 0(i?2+'/^), V (xiXj {c{T - t) \x\"^ + 2)^) = 0{R^- 



-e/4> 



5ij{c{T-t)\x\'^ + 2) -c{T-t) 



If* • IT • If 



0{R' 



V {5ij {c{T - t) \xf^ + 2) - c{T - t)xiXj \xf^) = 0(i?"^+'/*), 
we have 

Easy computation shows 

AFo = 0{R'/^). 
Thus, 

'dtG - AG 



Mo = dtF + F 



a 



- F + AFo - (AV(F - Fo), VlogG) > R\ 



Finally, we can use Cauchy-Schwarz to control the remaining term as follows 



f f v{AVv,\/{F-Fo))Gdxdt 
Jo Jr" 



Mn 



A^ 



< — ^ / v^Gdxdt + — 



iVfl Gdxdt. 



This show that the left hand side of (14.51) is greater than 



E)2 r \2 

— / v'^Gdxdt H 

4 .Ln 4 



iVfl Gdxdt. 



In our case, F < so the third and fourth terms in the right hand side of (I4.5P are negative. 
Thus, the lemma is proved. D 



Proof of lemma 2.4- As V'^ip > 2F2ld, the first term in Dq is at least 2A^F2ld. The middle 
three terms of Dq are 0{EiR^ *~), and the last term is bounded by C < A^. Thus, 
Dg > A^F2ld. To make the gradient term positive, we will chose F satisfying 

dtG - AG 



G 



< A^F2, 



so that then 

2{DgVv,Vv) + \\Vv\ 

Let X = X — Rip(t)ei. Then we have 



,fd tG-AG 
G 



F] > X^EoWvl'^ 
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dtG - AG 
G 



dtip — Aip — a^Wiipdjip 

-EiR \x\- 2E2Rij'{t) {xi - Rip it)) 



X 



-dia'\x, t) EiR{T -t)-^ + 2E2XJ 



-a'\x, t) EiR{T -t)-^ + 2E2Xi EiR{T -t)-^ + 2E2XJ 



-a^^ {x, t) 
Note that in Srt we have 



X 
Xi 
X 

X 



X 



EiR{T - t)^ + 6,j {EiR{T - t) \x\-^ + 2E2) 



|Va'^'(a;,t)| < {x)-^'' < R-^^+'^'\ 



hence 






dia'Hx, t) ( EiRiT - t)f^ + 2E2X^ 



<E,R^-—. 



Thus, we choose 

F(x, t) = -EiR \x\ - 2E2Ri)\t) {xi - Rij{t)) + A^E2/2 



-a'Hx, t) [ EiR{T -t)^ + 2E2XJ ) ( EiR{T -t)^ + 2E2X, 



-a'\x,t) 



\x\ 

Jb j Jb 7 



-EiR{T - t)^ + 5ij [EiR{T - t) \x 

\x\ 



\x\ 
-1 



2E2) 



Also, let 



Fo(x, t) = -EiR \x\ - 2E2Ri)\t) {x^ - Ri){t)) + A^E2/2 

-a'\X, t) (eiR{T -t)^ + 2E2xA ( E,R{T -t)^ + 2E2xA 
V m J \ \x\ J 



-a'^{X,t) 



\x 



EiR{T - t)-^ + % {EiR{T - t) \xl^ + 2E2) 



where X = (2/?^/^ 0, . . . , 0). 

In the support oiv.T — t > T/8, and |x| < 5-R, so by ellipticity of {a*-'}, 






-a'^ ( EiR{T -t)-^ + 2E2XJ EiRiT -t)-- + 2E2Xi 

v6 / \ l"-" \ 



JLj 



< -X 



X 



EiR{T -t)— -2E2X 



\x\ 



< -T^EfR. 



The other terms in F are bounded by EiR^, E2R'^/T, E2, and EiTR^ ^ . Hence, for large R, 



F < -E^T'^R^ and F 



dtG - AG 
G 



-F] >ElE2R^ 
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It is easy to check that 

dtF = 0{ElR^) 

AFo = 0{EfR^-i) 

which is smaller than F (^^^^ - F) provided E2 > 1. Using \a'^{x,t) - a'^{X,t)\ < 
R^-^ and |V {a'^{x,t) - a'^{X,t))\ = i?"^ in Sr^t, we get 

\V{F-Fo)\<R'-'^Ef 

hence 

\{AV{F - Fo), VlogG)! < R'-'-i^Ef « E'.E^R' 

for large i?, as (5 < 1 + |. 

Putting together these estimates, we obtain 



Mo = 9tF + AFo + F ( ^—^ F]- (AV(F - Fq), V log G) > F^^Fsi^^ 



Finally, since 

M0F2 > R'-'^^Ef > |V(F - Fo)r , 
we can control the remaining term by Cauchy-Schwarz, 



,6-2i2+£) ^4 



/ u{AVu,V{F-Fo))Gdxdt 



< — / u^Gdxdt H / IVmI Gdxdt 



2 
Thus, the lemma is proved. D 

Proof of lemma 3.1. As V^v? > —fid and 

iVlogGI \Va'^\ = 0{\x\-'^'^^), \dta'^\ <C < AViOO, 

it follows that if 

_ d,G-AG 1 

then the gradient term is positive. We have 

dtG - AG A >r-^ ,^ ^ ■■. ,. caS'^xx 
— = > [lOi^ — Xa-' [xAuXiX^ ho 



„, y{S^-s"f v^ 1,, , Ax. c(5" - s") 






-9,(a^^.9,v^). 



l+e 



Since c < x^ ^' , from the decay of Va*-' it follows that \di{a^^djLp)\ < 1. If we choose 

F(x,t) = Y^E(2%-^«"(^'^))^^^.-^^ 

^2/ca „a^2 



-«"(-. o ^'^lr"' - z «"(-. *)^^^^^ 



s^" ^^ ' ' ' 2s 
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then for large b, 

2b>H> 6/2 

implying the positivity of the gradient term. 

Consider four terms of {H + dt)F corresponding to four terms of F. 

(1) h := (iHs -l)i, E,,^i (2% - Aa^^(X, t)) x.x, - E.,,yi dtO^'x.x, > b \xf 

for large b. 

(2) 

/a + 1 ^\ caS^xi ca'^S^'xi 1 o 
h '■= -n n — > 71— > -ca Xi 

\ s J s"+i - 4s"+i - 8 

if a > 46. 

(3) 

'2a \ a^\x,ty{S'' - s'^f 2a^^a{S'' - s"") 



S I S2a gQ+1 



again if a > 46. 

(4) 



-.a+2 „2 „a+l 



V ' ^ o \ gQ+2 _5^ _5C 



Since we are assuming a^ = 0, \a^^{x,t)\ < (a;)"^, hence 

I/4I < 2"ac|x'| {xr+\dta'^ix,t)\ ^ '^^^^' 

Recall that c < i?^+^/^ < x^ , hence the first term is bounded by |(Ji + 12). Also, 
by dilation, we can assume \dta'^^ < C <^ 1, so that the second term is bounded by 
lih + h). Thus, 







h\ 


- 2 


^/2 + /3 

4 








From these estimates, 


we obtain 
















iH + dt)F>^-^ 


+ /2 

2 


> ^ (6 a:f 


+ ca^xx). 






As 


an approximation 


of F, we choose 














Fo{x,t) 




— Aa' 


HX,t))x,x, 


caS'^xx 










a"(A',i)''*^ 


g2a 


,a\2 

■±-yy 


'^^•"2;- 




S-) 



j¥i 
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where X = {R, 0, . . . , 0). Simple calculation shows that 

and 

\{AV{F - Fo), VlogG)! < (x)-'-' {\x'\ + cf + R'' {\x'\ + cf < R'''\h |xf + ca'xi). 

(the implicit constants depend on A but not on R). 
It follows that for large i?, 

Mo = {dt + H)F + AFo - (AV(F - Fq), V logG) > h |xf + ca^x^. 
We use Cauchy-Schwarz to control the remaining term 



AFo 


<{^y 


-1- 


'{• 


A + 


c) + l 


< 


1 


{x)- 


'- ( ^' 


+ 


cf 


+ R 


" ( x'\ 


+ 


c? 



n + l 



u {AVu,V{F - Fo)) Gdxdt 



<- u^MoGdxdt + - I \VufGdxdt. 



As \F\ < |x'| + i?^"'"'^, the lemma is proved. D 
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